By using the Arzela-Ascoli theorem, the Bellman inequality, and a monotone perturbation iterative technique in the presence of lower and upper solutions, we discuss the existence of mild solutions for a class of nonlinear first-order implicit semilinear impulsive integro-differential equations in Banach spaces. Under wide monotone conditions and the noncompactness measure conditions, we also obtain the existence of extremal solutions and a unique mild solution between lower and upper solutions.
Introduction
The theory of impulsive differential equations has become an important area of investigation in recent years stimulated by their numerous applications to problems arising in mechanics, electrical engineering, medicine, biology, ecology, etc. Various evolutionary processes undergo abrupt changes of states at certain moments of time; between intervals of continuous evolution such changes can be well approximated as being instantaneous changes at state, or in the form of impulses. These process are modeled by impulse differential equations and have been the most important research directions and connections for impulsive differential equations; see, for example, [-] and the references therein. Subsequently, many authors have investigated the existence of solutions to impulsive differential equations or (implicit) impulsive integro-differential equations with their strong applications in Banach spaces; see [-] and the references therein.
Recently, Lan and Cui [] studied a class of initial value problems of nonlinear firstorder implicit impulsive integro-differential equations in Banach space. By using the Mönch fixed point theorem, they obtained some new existence theorems of solutions for this class of nonlinear first-order implicit impulsive integro-differential equations in Banach spaces under some weaker conditions. Furthermore, some (implicit) impulsive differential equations under various initial and boundary conditions has also been studied by several authors; see, for example, [, , , , ] and the references therein. By using a monotone iterative technique in the presence of lower and upper solutions, Lan [] discussed the existence of solutions for a new class of nonlinear first-order implicit impulsive integro-differential equations in Banach spaces. Under wide monotone conditions and the noncompactness measure conditions, he also obtained the existence of extremal solutions and a unique solution between lower and upper solutions. In [], Chen and Li introduced and studied a class of semilinear impulsive evolution equations in Banach spaces by using a mixed monotone iterative technique. The presented results improved and extended some relevant results in ordinary differential equations and partial differential equations. For related works, see [, , , , ] and the references therein.
On the other hand, the monotone iterative technique, which is one of the approximation methods for finding solutions of a comparatively large class of impulsive differential equations, can be applied in practice easily; see, for example, [, , , , -, ]. Further, some nice examples of the monotone iterative technique can be found in [, ]. As a matter of fact, Li and Liu [] pointed out that 'the monotone iterative technique in the presence of lower and upper solutions is an important method for seeking solutions of differential equations in abstract spaces' . Moreover, Li and Liu [] used a monotone iterative technique in the presence of lower and upper solutions to discuss the existence of solutions for the initial value problem of the impulsive integro-differential equation of Volterra type in a Banach space. Under monotone conditions and the noncompactness measure condition of the nonlinearity function f , the authors also obtained the existence of extremal solutions and a unique solution between lower and upper solutions. In [] , by using a monotone iterative technique in the presence of lower and upper solutions, we discussed the existence of solutions for a new system of nonlinear mixed type implicit impulsive integro-differential equations in Banach spaces. Under some monotonicity conditions and the noncompactness measure conditions, they also obtained the existence of extremal solutions and a unique solution between lower and upper solutions.
Motivated and inspired by the above works, by using the Arzela-Ascoli theorem, the Bellman inequality, and the monotone iterative technique in the presence of lower and upper solutions, we discuss the existence of mild solutions for the following nonlinear first-order implicit semilinear impulsive differential equation problem in Banach space B: 
Preliminaries
Throughout this paper, let B be an ordered Banach space with the norm · and partial order ≤, whose positive cone P = {x ∈ B | x ≥ } is normal with normal constant N , and A : dom(A) ⊂ B → B be a closed linear operator and generate a C  -semigroup G(t)
and 
satisfies all the equalities of (.). Let
where x (t + k ) and x (t -k ) represent the right and left derivatives of x(t) at t = t k , respectively. For x ∈ PC  (J, B), by virtue of the mean value theorem
it is easy to see that the left derivative x -(t k ) exists and
In the sequel,
, then by the continuity of f and the closed linearity of A, we know x ∈ PC  (J, B). Evidently, PC  (J, B) is a Banach space with norm
exist and are equal to F (t). Here the limits are taken in B. At the endpoints of J, we consider the one-sided derivatives. By the well-known result [], we know that there exist C >  and σ ∈ R such that G(t) ≤ Ce σ t . Letting 
is called the increasing index of G(t). It follows from the properties of the
Proof It follows from Theorem . of [, Chapter ] and Lemma . in [] that this conclusion follows directly.
Lemma . [] If H is a bounded subset of PC  (J, B), the element of H is equicontinuous
at J k for all k = , , , . . . , m, then
where H (t) = {x (t) : x ∈ H}.
Lemma . [] Let E ⊂ C(J, B) be bounded and equicontinuous. Then α(E(t)) is continuous on J, and

Existence and uniqueness theorems
In this section, we will prove our main results concerning the mild solutions of the nonlinear first-order implicit impulsive integro-differential equation (.) in Banach spaces.
then we call it a lower solution of problem (.); if all the inequalities of (.) are inverse, then we call it an upper solution of problem (.).
in B is said to be positive, if the order inequality G(t)x ≥ θ holds for every x ≥ θ , x ∈ B, and t ≥ t  .
It is easy to see that for any
for all t ≥ t  . Now, let us first list the following assumptions for convenience:
with y  ≤ x  , and there exist constants M ∈ (, ) such that
for all t ∈ J, and increasing or decreasing monotonic sequences
In the sequel, we prove the following main results of this paper. Proof Let M  = sup t∈J (t) and M  = sup t∈J G (t) . For any u ∈ PC  (J, B), define Fu on J by the equation
It is easy to see that F : 
, by the definition of lower solution and (.), we know that p ∈ PC  (J, B) and p(t) ≤ f (t, y  (t), Ty  (t), y  (t)) + My  (t) for t ∈ J . It follows from Lemma . that 
On the one hand, for all t ∈ J, we show that
In fact, for any ∈ (t  , t) and u ∈ [y  , x  ], it follows from (.) that
u(t) = tt  (t -s) f s, u(s), Tu(s), u (s) + Mu(s) ds
= ( ) tt  (t --s) f s, u(s), Tu(s), u (s) + Mu(s) ds. (  .  )
It follows from the condition (H  ) that f t, y  (t), Ty  (t), y  (t) + My  (t)
≤ f t, u(t), Tu(t), u (t) + Mu(t) ≤ f t, x  (t), Tx  (t), x  (t) + Mx  (t). (.)
By the normality of the cone P, now we know that there exists a constant M  >  such that
From the compactness of ( ), we have
Since
On the other hand, for all t  , t  ∈ J, from (.)-(.), we have
The right side of (.) relies on t  -t  , but it is independent of u. Since G(t) (t ≥ t  ) is compact, (t) is compact and continuous in the uniform operator topology for all t ≥ t  . Thus, the right side of (.) tends to  as
is an equicontinuous function of the cluster in C  (J, B).
Similarly, we can prove the compactness of in (.). On the other hand, from the above discussions, we know that
is a continuously increasing operator. Now, we define two sequences {y n } and {x n } in [y  , x  ] by the iterative scheme
Then it follows from the monotonicity of F that
We prove that {y n } and {x n } are uniformly convergent in J. For convenience, let E = {y n | n ∈ N} and E  = {y n- | n ∈ N}. Since E = F(E  ), by (.) and the boundedness of E  , we easily see that E is equicontinuous in every interval J k , where
by Lemma ., we know that φ ∈ PC  (J, R + ). Going from J  to J m+ interval by interval, we
In fact, for t ∈ J, there exists a J k such that t ∈ J k . By Lemma ., we have
It follows from (.), Lemma ., assumption (H  ) and (.) that, for t ∈ J  ,
and so
i.e.,
where
Hence, by the Bellman inequality, we know that φ(t) ≡  in J  . In particular, α  (E(t  )) = α  (E  (t  )) = φ(t  ) = , and so α(E(t  )) = α(E  (t  )) = , this means that E(t  ) and E  (t  ) are precompact in B. Thus I  (E  (t  )) is precompact in B, and α(I  (E  (t  ))) = . Now, for t ∈ J  , by (.) and the above argument for J  , we have
Again by the Bellman inequality, we know that φ(t) ≡  in J  , from which we obtain α(E  (t  )) =  and α(I  (E  (t  ))) = .
Continuing such a process interval by interval up to J m+ , we can prove that φ(t) ≡  in every J k , k = , , . . . , m + .
For any J k , if we modify the value of y n at t = t k- via y n (t k- ) = y n (t
and it is equicontinuous. Since α({y n (t)}) ≡ , {y n (t)} is precompact in B for every t ∈ J k . By the Arzela-Ascoli theorem, we know that {y n } is precompact in C  (J k , B).
Hence, {y n } has a convergent subsequence in C  (J k , B). Combining this with the monotonicity (.), we easily prove that {y n } itself is convergent in C  (J k , B). In particular, {y n (t)} is uniformly convergent in J k . Consequently, {y n (t)} is uniformly convergent over the whole of J. Using a similar argument to that for {y n (t)}, we can prove that {x n (t)} is also uniformly convergent in J. Hence, {y n (t)} and {x n (t)} are convergent in PC  (J, B). Setting
and n → ∞ in (.) and (.), then we have
By the monotonicity of F, it is easy to see that u and u are the minimal and maximal fixed points of F in [y  , x  ], and therefore they are the minimal and maximal mild solutions of problem (.) in [y  , x  ], respectively. This completes the proof.
Remark . In Theorem ., if B is weakly sequentially complete, the condition (H  ) holds automatically. In fact, by Theorem . of [] , any monotonic and order-bounded sequence is precompact. Let {x n } and {y n } be two increasing or decreasing sequences obeying condition (H  ), then, by condition (H  ), {f (t, x n , y n , z n ) + Mx n } is a monotonic and order-bounded sequence. By the property of the measure of noncompactness, we have
Hence, condition (H  ) holds.
From Theorem ., we obtain the following result. 
for all t ∈ J and y  (t) ≤ u  ≤ u  ≤ x  (t), λ  Ty  (t) ≤ v  ≤ v  ≤ λ  Tx  (t) and λ  y  (t) ≤ w  ≤ w  ≤ λ  x  (t). Then we have the following unique existence result. 
